Abstract. A subset B of a group G is called a difference basis of G if each element g ∈ G can be written as the difference g = ab −1 of some elements a, b ∈ B. The smallest cardinality |B| of a difference basis B ⊂ G is called the difference size of G and is denoted by ∆ [G]. The fraction ð[G] := ∆[G]/ |G| is called the difference characteristic of G. We prove that for every n ∈ N the dihedral group D 2n of order 2n has the difference characteristic
A subset B of a group G is called a difference basis for a subset A ⊂ G if each element a ∈ A can be written as a = xy −1 for some x, y ∈ B. The smallest cardinality of a difference basis for A is called the difference size of For a real number x we put ⌈x⌉ = min{n ∈ Z : n ≥ x} and ⌊x⌋ = max{n ∈ Z : n ≤ x}.
The following proposition is proved in [1, 1.1].
Proposition 1. Let G be a finite group. Then In [8] Kozma and Lev proved (using the classification of finite simple groups) that each finite group G has difference characteristic
3094. In this paper we shall evaluate the difference characteristics of dihedral groups and prove that each diherdal group
≈ 1.633. We recall that the dihedral group D 2n is the isometry group of a regular n-gon. The dihedral group D 2n contains a normal cyclic subgroup of index 2. A standard model of a cyclic group of order n is the multiplicative group
of n-th roots of 1. The group C n is isomorphic to the additive group of the ring Z n = Z/nZ.
Theorem 2. For any numbers n, m ∈ N the dihedral group D 2nm has the difference size
and the difference characteristic
Proof. It is well-known that the dihedral group D 2nm contains a normal cyclic subgroup of order nm, which can be identified with the cyclic group C nm . The subgroup C m ⊂ C nm is normal in D 2mn and the quotient group D 2mn /C m is isomorphic to D 2n . Applying Proposition 1(2), we obtain the upper bounds
Next, we prove the lower bound 2
]. Fix any element s ∈ D 2nm \ C nm and observe that s = s −1 and sxs
write D as the union D = A ∪ sB for some sets A, B ⊂ C nm ⊂ D 2nm . We claim that AB −1 = C nm . Indeed, for any x ∈ C nm we get xs ∈ sC nm ∩ (A ∪ sB)(A ∪ sB)
and hence
Corollary 3. For any number n ∈ N the dihedral group D 2n has the difference size
The difference sizes of finite cyclic groups were evaluated in [2] with the help of the difference sizes of the order-intervals [ ∞ n=1 was studied by Rédei and Rényi [9] , Leech [7] and Golay [6] who eventually proved that
In [2] the difference sizes of the order-intervals [1, n] ∩ Z were applied to give upper bounds for the difference sizes of finite cyclic groups.
The following upper bound for the difference sizes of cyclic groups were proved in [2] .
Theorem 5. For any n ∈ N the cyclic group C n has the difference characteristic:
if n ≥ 9 and n = 292;
For some special numbers n we have more precise upper bounds for ∆[C n ]. A number q is called a prime power if q = p k for some prime number p and some k ∈ N. The following theorem was derived in [2] from the classical results of Singer [11] , Bose, Chowla [3] , [4] and Rusza [10] .
Theorem 6. Let p be a prime number and q be a prime power. Then
The following Table 1 of difference sizes and characteristics of cyclic groups C n for ≤ 100 is taken from [2] . Using Theorem 6(1), we shall prove that for infinitely many numbers n the lower and upper bounds given in Theorem 2 uniquely determine the difference size ∆[D 2n ] of D 2n .
Theorem 7.
If n = 1 + q + q 2 for some prime power q, then
Proof. By Theorem 6(1), ∆[C n ] = 1 + q. Since
it suffices to check that (2 + 2q) − 2 q 2 + q + 1 < 1, which is equivalent to q 2 + q + 1 > q + Table 1 . Difference sizes and characteristics of cyclic groups C n for n ≤ 100 A bit weaker result holds also for the dihedral groups D 8(q 2 +q+1) .
Proposition 8.
Proof. By Theorem 6(1), ∆[ Table 2 ), by Theorem 2,
To see that 4q + 3 ≤ ∆[D 8n ] ≤ 4q + 4, it suffices to check that (4 + 4q) − 4 q 2 + q + 1 < 2, which is equivalent to q 2 + q + 1 > q + 1 2 and to q 2 + q + 1 > q 2 + q + 1 4 . In Table 2 we present the results of computer calculation of the difference sizes and characteristics of dihedral groups of order ≤ 80. In this table lb[D 2n ] := ⌈ √ 4n ⌉ is the lower bound given in Theorem 2. With the boldface font we denote the numbers 2n ∈ {14, 26, 42, 62}, equal to 2(q 2 + q + 1) for a prime power q. Theorem 9. For any number n ∈ N the dihedral group D 2n has the difference characteristic
Proof. By Corollary 3,
by Theorem 5(4),
(given in Table 2 ) and Theorem 2 yield the upper bound 
by Theorem 5(5), and hence for all n < 1 212 464.
holds for all n ≥ 1 212 464.
Proof. It suffices to prove that
for all n ≥ 1 212 464. To derive a contradiction, assume that
for some n ≥ 1 212 464. Let (q k ) ∞ k=1 be an increasing enumeration of prime powers. Let k ∈ N be the unique number such that 12q . On the other hand, using WolframAlpha computational knowledge engine it can be shown that the inequality 1 + x + √ 12x 2 + 14x + 16 holds for all x ≥ 43. This implies that q k < 3275.
Analysing the table 1 of (maximal gaps between) primes, it can be shows that 11(q k+1 +1) 2 ≤ 12q 2 k + 14q k + 16 if q k ≥ 331. So, q k ≤ 317, q k+1 ≤ 331 and 11 · (q k+1 + 1) 2 = 11 · 332 2 = 1 212 464 ≤ n, which contradicts 4(q k+1 + 1) > 
